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Abstract
We prove that a Banach space X has the metric approximation property if and only if
FðY ; XÞ; the space of all ﬁnite rank operators, is an ideal in LðY ; X Þ; the space of all
bounded operators, for every Banach space Y : Moreover, X has the shrinking metric
approximation property if and only if FðX ; Y Þ is an ideal in LðX ; YÞ for every Banach
space Y :
Similar results are obtained for u-ideals and the corresponding unconditional metric
approximation properties.
r 2003 Elsevier Inc. All rights reserved.
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1. Introduction
Let F be a linear subspace of a Banach space E: A linear operator j : F -E is
called a Hahn–Banach extension operator if ðjf Þðf Þ ¼ f ðf Þ and jjjf jj ¼ jjf jj for
all fAF and f AF: The set of all Hahn–Banach extension operators j : F-E is
denoted by HBðF ; EÞ: The set of all norm preserving extensions to E of f AF is
denoted by HBðf Þ:
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We say that F is an ideal in E if HBðF ; EÞa|: If i : F-E is the natural
inclusion and jAHBðF ; EÞ; then the projection P deﬁned on E by PðeÞ ¼ jiðeÞ
has norm one and ker P ¼ F>: P is called an ideal projection. (P need not
be unique with these properties.) If F is an ideal in E and there is an ideal
projection P satisfying jjI  2Pjj ¼ 1; then we say that F is a u-ideal in E:
We will typically use F ¼FðY ; XÞ and E ¼LðY ; X Þ; where X and Y are
Banach spaces. Here FðY ; XÞ and LðY ; XÞ denote the spaces of ﬁnite
rank and bounded operators from Y to X : Similarly we will use the notation
KðY ; X Þ and WðY ; X Þ to denote the spaces of compact and weakly compact
operators from Y to X :
We say that a Banach space X has the metric approximation property (resp. metric
compact approximation property) if there is a net ðTaÞDFðX ; XÞ (resp. KðX ; X Þ)
such that supajjTajjp1 and Tax-x for all xAX : If, in addition, Tax-x for all
xAX  we say that X has the shrinking metric approximation property (resp.
shrinking metric compact approximation property).
In 1979, Johnson [6] showed that if X has the metric approximation property, then
the space FðY ; X Þ is an ideal in the space LðY ; X Þ for every Banach space Y :
Lima proved the following partial converse to this in 1993.
Theorem (Lima [8, Theorems 13, 14]). Let X be a Banach space with the Radon–
Nikody´m property. The following statements are equivalent:
(a) X has the metric approximation property (resp. the metric compact approximation
property).
(b) FðY ; XÞ (resp. KðY ; X Þ) is an ideal in LðY ; X Þ for every Banach space Y :
(c) FðX ; XÞ (resp. KðX ; X Þ) is an ideal in LðX ; X Þ:
(d) FðX ; XÞ (resp. KðX ; XÞ) is an ideal in spanðFðX ; X Þ,fIXgÞ (resp.
spanðKðX ; XÞ,fIXgÞ).
The proof of ðaÞ ) ðbÞ is due to Johnson [6]. The proof of ðcÞ ) ðaÞ relies heavily
on the existence of strongly exposed points in the unit ball of X :
Note that in [10, Theorem 3.3] Lima, Nygaard and Oja proved that a Banach
space X has the approximation property if and only if FðY ; X Þ is an ideal in
WðY ; X Þ for every Banach space Y : They also proved, in [10, Theorem 3.4], that X 
has the approximation property if and only if FðX ; YÞ if an ideal in WðX ; Y Þ for
every Banach space Y :
The main results of this paper are the following.
Theorem 1.1. Let X be a Banach space. The following statements are equivalent:
(a) X has the metric approximation property (resp. metric compact approximation
property).
(b) FðY ; XÞ (resp. KðY ; X Þ) is an ideal in LðY ; X Þ for every Banach space Y.
(c) FðY ; XÞ (resp. KðY ; XÞ) is an ideal in LðY ; X Þ for every separable Banach
space Y :
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(d) FðXˆ; XÞ (resp. KðXˆ; X Þ) is an ideal in LðXˆ; X Þ for every equivalent renorming Xˆ
of X :
Implication ðaÞ ) ðbÞ is proved in [6]. The main ideas are as follows. Let
ðTaÞDFðX ; X Þ with supajjTajjp1 be a net converging to the identity operator on
X in the strong operator topology. Using weak compactness we may assume that
limacðTaÞ exists for all cAFðX ; X Þ: We then deﬁne a Hahn–Banach extension
operator FAHBðFðY ; XÞ;LðY ; XÞÞ by
ðFðfÞÞðTÞ ¼ lim
a
fðTaTÞ
for all fAFðY ; X Þ and TALðY ; XÞ: The latter limit exists because c : S-fðSTÞ;
SAFðX ; X Þ; is a functional in FðX ; X Þ:
As for the rest of the proof, ðbÞ ) ðcÞ and ðbÞ ) ðdÞ are trivial. Implications
ðcÞ ) ðaÞ and ðdÞ ) ðaÞ will be proved below in Section 3.
We shall give complete proof only in the case of ﬁnite rank operators. The details
in the case of compact operators are similar.
For dual spaces we have the following theorems.
Theorem 1.2. Let X be a Banach space. The following statements are equivalent:
(a) X has the shrinking metric approximation property (resp. shrinking metric
compact approximation property).
(b) FðX ; YÞ (resp. KðX ; Y Þ) is an ideal in LðX ; Y Þ for every Banach space Y :
(c) FðX ; XˆÞ (resp.KðX ; XˆÞ) is an ideal in LðX ; XˆÞ for every equivalent renorming Xˆ
of X :
Implication ðaÞ ) ðbÞ is contained in [6]. Implication ðbÞ ) ðcÞ is trivial. Implication
ðcÞ ) ðaÞ will be proved below in Section 4.
Theorem 1.3. Let X be a Banach space. The following statements are equivalent:
(a) X  has the metric compact approximation property.
(b) KðX ; Y Þ is an ideal in LðX ; Y Þ for every Banach space Y :
To prove this we only need to note that KðX ; Y ÞCKðY ; X Þ and
LðX ; Y ÞCLðY ; X Þ; and then apply Theorem 1.1.
Remark 1.4. Let X be a Banach space. In [7, Theorem 4], Johnson showed that if Xˆ
has the metric approximation property for every equivalent renorming Xˆ of X ; then
X has the shrinking metric approximation property.
From the theorems above we can give a short proof of this fact. Indeed, if every
equivalent renorming of X has the metric approximation property, then FðXˆ; XˇÞ is
an ideal inLðXˆ; XˇÞ when Xˆ and Xˇ are equivalent renormings of X by Theorem 1.1.
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A glance at Theorem 1.2 now reveals that Xˆ has the shrinking metric approximation
property for every equivalent renorming Xˆ of X :
Remark 1.5. Using a space constructed by Willis [18], Casazza and Jarchow [1]
have shown that there is a Banach space X without the metric compact
approximation property such that X ; X ;y all have the metric compact
approximation property.
By Johnson [6] and Theorem 1.3, it follows that the Casazza–Jarchow example
fulﬁlls:
* KðX ; Y Þ is an ideal in LðX ; Y Þ for every Banach space Y :
* KðX ; Y0Þ is not an ideal in LðX ; Y0Þ for some Banach space Y0:
In fact, we may choose Y0 above to be X itself (see [11, Example 1.2]).
This paper consists of 6 sections. Section 2 contains some preliminary results
about locally uniformly rotund norms. From Lemma 3.1 in [11] we get, see Lemma
2.5, that if xAX  and yAY then the simple tensor x#yAFðY ; XÞ has a unique
Hahn–Banach extension to LðY ; XÞ whenever the norm of Y is locally uniformly
rotund at y:
It is well-known that a Banach space Y can be equivalently renormed so
that the new norm is locally uniformly rotund at every point of a separable
subspace. In Section 2 we will see that the new norm can be chosen to be arbitrarily
‘‘close’’ to the original norm. In Section 3 this will come in handy when we use a limit
argument and compactness to show that sufﬁciently many simple tensors have a
unique norm-preserving extension. This will allow us to complete the proof of
Theorem 1.1.
In Section 4 we use renormings of Y such that the new dual norm on Y  is
locally uniformly rotund on a ﬁnite-dimensional subspace. We will use the fact
that when FðX ; YÞ is an ideal in LðX ; YÞ then every CAHBðFðY ; XÞ;LðY ; XÞÞ
must satisfy
Cðy#xÞ ¼ y#x
for all xAX  whenever the norm of Y  is locally uniformly rotund at y:
Again we use a limit argument and compactness to show that at least one
Hahn–Banach extension operator C must satisfy the above equality for all
xAX  and yAY : This will allow us to complete the proof of
Theorem 1.2.
In Sections 5 and 6 we study u-ideals of operators. The main result in
Section 5 is Theorem 5.2 which says that with AðY ; X Þ equal to FðY ; XÞ
or KðY ; X Þ; AðY ; XÞ is a u-ideal in LðY ; XÞ for every Banach space Y if
and only if there is a net ðTaÞDAðX ; X Þ with lim supajjI  2Tajjp1 such that
Tax-x for all xAX :
The main result in Section 6 is Theorem 6.1 which says that withAðX ; Y Þ equal to
FðX ; Y Þ orKðX ; Y Þ; AðX ; YÞ is a u-ideal inLðX ; Y Þ for every Banach space Y if
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and only if there is a net ðTaÞDAðX ; X Þ with lim supajjI  2Tajjp1 such that
Tax-x for all xAX and Tax
-x for all xAX : If we combine this with results by
Oja [14] and Lima [9], it follows that KðX ; Y Þ is a u-ideal in LðX ; Y Þ for every
Banach space Y if and only if X has the shrinking metric compact approximation
property and X has property ðwMÞ:
A few words about notation. If E is a Banach space then BE is the closed unit ball
of E and SE is the unit sphere of E: For a set ACE; its norm closure is denoted by A;
its linear span by span A; and its convex hull by conv A:
2. Locally uniform rotundity
In [10, Theorem 5.4], it was shown that a Banach space X has the metric compact
approximation property if and only if for every Banach space Y ;KðY ; XÞ is an ideal
in LðY ; XÞ with ideal projection P such that
Pðx#yÞ ¼ x#y ð1Þ
for all xAX  and yAY : In Section 3 we will show that the mere existence
of ideal projections for every Y will imply that at least one such projection
satisfy (1).
In [8, Theorem 13] it was proved that if Y ¼ X and X has the Radon–Nikody´m
property and if we assume that the space of ﬁnite rank operators is an ideal, then the
ideal projection must satisfy (1). As noted above the proof of this relies heavily on
the existence of strongly exposed points in spaces which have the Radon–Nikody´m
property. In what follows, we will use the fact that points where the norm is locally
uniformly rotund on the unit sphere SX are weak
-denting in the unit ball BX  of the
bidual.
Next, we will recap some basic facts on locally uniform rotund norms. We refer to
[3,13] for further details and proofs. We will use the following deﬁnition.
Deﬁnition. The norm on a Banach space Y is locally uniformly rotund at a point
ya0 if
lim
n
jjy  ynjj ¼ 0
whenever ðynÞDY with jjynjj ¼ jjyjj for all n and limn jjyþyn2 jj ¼ jjyjj:
The norm is locally uniformly rotund if it is locally uniformly rotund at every point
ya0 in Y :
The following characterization of locally uniform rotundity is well-known, see
Proposition II.1.2 in [3] and Proposition 5.3.5 in [13]. It is (c) in the proposition
below which provides the link to denting points that we will need in Lemmas 2.5
and 2.6.
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Proposition 2.1. Let Y be a Banach space and let yAY \f0g: The following are
equivalent:
(a) The norm jj  jj is locally uniformly rotund at y:
(b) If ðynÞDY is such that
lim
n
ð2jjyjj2 þ 2jjynjj2  jjy þ ynjj2Þ ¼ 0;
then limnjjy  ynjj ¼ 0:
(c) The function dy : ½0; 2jjyjj-½0; jjyjj; defined by the formula
dyðeÞ ¼ inffjjyjj þ jjujj  jjy þ ujj : jjujj ¼ jjyjj; jjy  ujjXeg;
satisfies dyðeÞ40 whenever 0oep2jjyjj:
Using the above proposition it is easy to prove the following renorming result.
A short proof can be found in [3, p. 52].
Lemma 2.2. Let Y be a Banach space with norm jj  jj and let yAY \f0g: Assume jjj  jjj
is an equivalent norm on Y such that jjj  jjj is locally uniformly rotund at y. Let a; b40
and define a new norm j  j on Y by
jyj2 ¼ ajjyjj2 þ bjjjyjjj2:
Then j  j is locally uniformly rotund at y:
From the lemma above it follows that, by choosing a close to 1 and b close to 0; we
may assume that the new norm is ‘‘close’’ to the original norm. To be precise we have
the following.
Lemma 2.3. Let Y be a Banach space, let ZDY be a closed separable subspace and let
e40: There exists an equivalent norm jjj  jjj on Y such that
BY ð0; 1ÞDBðY ;jjjjjjÞð0; 1ÞDBY ð0; 1þ eÞ
and such that the norm jjj  jjj is locally uniformly rotund at every point za0 in Z:
Proof. Z is a separable space so by Theorem II.2.6 in [3] it has an equivalent locally
uniformly rotund norm. By Lemma II.8.1 in [3] this norm can be extended to an
equivalent norm on Y in such a way that this new norm is locally uniformly rotund
at every point za0 in Z:
Let jjj  jjj be this equivalent norm on Y which is locally uniformly rotund at every
point zAZ; za0: For some cX1; we have
1
c
jjyjjpjjjyjjjpcjjyjj
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for all yAY : If 1=c24y40 and we let
jyj2y ¼ ð1 yc2Þjjyjj2 þ yjjjyjjj2;
then j  jy is an equivalent norm on Y : By Lemma 2.2, j  jy is locally uniformly rotund
at every za0 in Z:
Let e40; and choose y0 so small that
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 y0c2 þ y0=c2
p
Xð1þ eÞ1: Finally, we
redeﬁne jjj  jjj ¼ j  jy0 and get
BðY ;jjjjÞð0; 1ÞDBðY ;jjjjjjÞð0; 1ÞDBðY ;jjjjÞð0; 1þ eÞ
as desired. &
We also need a similar result for subspaces of dual spaces. In this case we only
consider ﬁnite-dimensional subspaces. Lemma 2.4 might be well known, its main
ideas can be found in [3]. We include a proof for completeness.
Lemma 2.4. Let Y be a Banach space, let FDY  be a finite-dimensional subspace and
let e40: There exists an equivalent norm jjj  jjj on Y such that
BY ð0; 1ÞDBðY ;jjjjjjÞð0; 1ÞDBY ð0; 1þ eÞ
and such that the dual norm of jjj  jjj on Y  is locally uniformly rotund at every point
ya0 in F :
Proof. Let y40: Since dim FoN; there exists an equivalent locally uniformly
rotund norm j  j on F : Moreover, we may assume
BF ð0; 1ÞDBðF ;jjÞð0; 1ÞDBF ð0; 1þ yÞ:
Let B ¼ convðBY  ; BðF ;jjÞÞ and let j  j be the norm on Y  deﬁned by B: B is weak-
compact, so j  j is a dual norm. Moreover, jyjpjjyjjpð1þ yÞjyj for all yAY ; or
BY  ð0; 1ÞDBðY ;jjÞð0; 1ÞDBY  ð0; 1þ yÞ:
Next, deﬁne a new norm on Y  by
jjjyjjj2y ¼ jyj2 þ yd2ðy; FÞ:
dðy; FÞ is computed in the j  j-norm on Y : ðY ; jjj  jjjyÞ is locally uniformly rotund
at every point ya0 in F (see [3, Lemma II.8.1]).
We shall show that jjj  jjjy is a dual norm. Assume ya-y weak with jjjyajjjyp1:
Choose ðf a ÞDF such that
jya  f a j ¼ dðya; FÞ:
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ðf a Þ is a bounded net and dim FoN; so by passing to a subnet, we may assume that
f a-f
AF in norm. We get
dðy; FÞpjy  f jp lim inf
a
jya  f a j ¼ lim infa dðy

a; FÞ:
Hence,
jjj yjjj2y ¼ jyj2 þ y d2ðy; FÞ
p lim inf
a
jyaj2 þ y lim infa d
2ðya; FÞp lim infa jjj y

ajjj2y:
This shows that jjj  jjjy is a dual norm.
Since dðy; FÞpjyj; we get
jyjpjjjyjjjypð1þ yÞ1=2jyj:
Thus
ð1þ yÞ1jjyjjpjjjyjjjypð1þ yÞ1=2jjyjj:
This implies that
ð1þ yÞ1=2jjyjjpjjjyjjjypð1þ yÞjjyjj
for all yAY :
Let e40: If we use jjj  jjj ¼ ð1þ yÞ1jjj  jjjy as the new norm, and choose y such
that ð1þ yÞ3=2p1þ e; then
ð1þ yÞ3=2jjyjjpjjjyjjjpjjyjj
for all yAY and thus
BY ð0; 1ÞDBðY ;jjjjjjÞð0; 1ÞDBY ð0; 1þ eÞ: &
Next, we will use the properties of locally uniform rotund norms above to show
that sufﬁciently many simple tensors (e.g. x#y) when viewed as functionals on
the ﬁnite rank operators have unique Hahn–Banach extensions to the space of all
bounded operators. We shall need a lemma similar to Lemma 11 in [8] and Lemma
3.1 in [11]. The following lemmas are actually just special cases of Lemma 3.1
in [11].
Lemma 2.5. Let X and Y be Banach spaces. Let x#yAFðY ; XÞ with xAX  and
yAY : If the norm of Y is locally uniformly rotund at y; then the only Hahn–Banach
extension of x#y to LðY ; XÞ is the trivial one, i.e. HBðx#yÞ ¼ fx#yg:
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Proof. Using Proposition 2.1(c) it is easy to show that y=jjyjj is a weak-denting
point in BY  : The conclusion then readily follows from Lemma 3.1 in [11]. &
We get a similar result when dealing with points in dual spaces where the norm is
locally uniformly rotund, but as we will see in Section 4 in this case we also need
elements in the bidual.
Lemma 2.6. Let X and Y be Banach spaces. Let y#xAFðX ; YÞ with yAY  and
xAX : If the norm of Y  is locally uniformly rotund at y; then the only Hahn–
Banach extension of y#x to LðX ; Y Þ is the trivial one, i.e. HBðy#xÞ ¼
fy#xg:
Proof. Using Proposition 2.1(c) we see that y=jjyjj is a weak-denting point in BY  :
Lemma 3.1 in [11] then gives the desired conclusion. &
3. Renorming and Hahn–Banach extension operators
Let X and Y be Banach spaces. We shall let A and B denote closed operator
ideals in the sense of Pietsch [16]. In particular, this ensures thatFðY ; XÞDAðY ; XÞ
and that AðY ; X Þ is a closed subspace of LðY ; X Þ:
The next theorem is similar to Theorem 2.3 in [12].
Theorem 3.1. Let X be a Banach space and let Z be a separable subspace of a
Banach space Y. Let A and B be operator ideals satisfying ADB: If AðYˆ; XÞ is an
ideal in BðYˆ; X Þ for every equivalent renorming Yˆ of Y ; then there exist a
CAHBðAðY ; XÞ;BðY ; XÞÞ such that
ðCðx#zÞÞðTÞ ¼ ðx#zÞðTÞ
for all xAX ; zAZ; and TABðY ; X Þ:
Proof. For every e40 we can, by Lemma 2.3, ﬁnd an equivalent norm jj  jje on Y
such that Ye ¼ ðY ; jj  jjeÞ is locally uniformly rotund at every za0 in Ze and such
that
BY ð0; 1ÞDBYeð0; 1ÞDBY ð0; 1þ eÞ:
By assumption AðYe; XÞ is an ideal in BðYe; XÞ so there exists a Hahn–Banach
extension Fe : AðYe; X Þ-BðYe; X Þ: By Lemma 2.5
ðFeðx#zÞÞðTÞ ¼ ðx#zÞðTÞ
for all xAX ; all zAZ; and all TABðYe; X Þ:
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Let Ie : Ye-Y denote the identity mapping. Then jjI1e jj ¼ 1 and jjIejj-1 as e-0:
Deﬁne CeALðAðY ; XÞ;BðY ; X ÞÞ by
ðCeðfÞÞðTÞ ¼ ðFeðfeÞÞðT3IeÞ; fAAðY ; XÞ; TABðY ; XÞ;
where feAAðYe; XÞ is deﬁned by
feðSÞ ¼ fðS3I1e Þ; SAAðYe; XÞ:
As in Theorem 2.3 in [12], we can show that ðCeÞeAð0;1 has a subnet converging
weak to some CAHBðAðY ; X Þ;BðY ; XÞÞ with the required property. &
The above theorem is all we need to prove ðcÞ ) ðaÞ in Theorem 1.1.
Proof of ðcÞ ) ðaÞ in Theorem 1.1. Let LDX be a separable subspace. By a result of
Sims and Yost [17], see also [5, p. 138], we can ﬁnd a separable ideal Y in X with
LDY : Let j : Y -X  be a Hahn–Banach extension operator.
Let C : FðY ; X Þ-LðY ; XÞ be a Hahn–Banach extension operator as in
Theorem 3.1 with
Cðx#yÞ ¼ x#y
for all yAY and xAX :
Let I : Y-X be the identity map. Proceeding as in [10, Lemma 1.4], we see that
since CðIÞAFðY ; X Þ there exists a net ðTaÞDFðY ; XÞ such supajjTajjpjjI jj ¼ 1
and Ta-CðIÞ in the weak-topology. In particular,
/Tay; xS ¼ /Ta; x#yS-/CðIÞ; x#yS ¼ /I ;Cðx#yÞS ¼ /Iy; xS
for all yAY and xAX ; i.e. Ta-I in the weak operator topology. By taking a new
net from convðTaÞ; which we also denote ðTaÞ; we may assume that Ta-I in the
strong operator topology.
Let Tˆa ¼ Ta 3jjXAFðX ; X Þ; then jjTˆajj ¼ jjTajjp1 and Tˆa converges pointwise
to the identity IX on Y : It follows that X has the metric approximation
property. &
To complete the proof of Theorem 1.1 we ﬁrst need two more results.
Lemma 3.2. Let X be a Banach space and let Z be a separable subspace of a Banach
space Y. Let A and B be operator ideals satisfying ADB: The subset
KZ ¼fCAHBðAðY ; XÞ;BðY ; X ÞÞ : ðCðx#zÞÞðTÞ ¼ ðx#zÞðTÞ
for all xAX ; zAZ; and TABðY ; X Þg
of ðBðY ; X Þ ##pAðY ; X ÞÞ is compact in the weak-topology.
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Proof. KZ is bounded so we only need to show that if ðCaÞa is a net in KZ which
converges in the weak-topology to some CAðBðY ; XÞ ##pAðY ; XÞÞ then CAKZ:
Let f ¼ x#zAAðY ; X Þ and TABðY ; XÞ: Then
ðCðx#zÞÞðTÞ ¼CðT#fÞ ¼ lim
a
CaðT#fÞ
¼ lim
a
ðx#zÞðTÞ ¼ ðx#zÞðTÞ:
Thus KZ is weak
-closed, hence also weak-compact. &
The next theorem is similar to Theorem 2.4 in [12].
Theorem 3.3. Let X and Y be Banach spaces. Let A and B be operator ideals
satisfying ADB: If AðYˆ; XÞ is an ideal in BðYˆ; X Þ for every equivalent renorming Yˆ
of Y ; then there exist a CAHBðAðY ; XÞ;BðY ; X ÞÞ such that
ðCðx#yÞÞðTÞ ¼ ðx#yÞðTÞ
for all xAX ; yAY ; and TABðY ; XÞ:
Proof. For every separable subspace Z of Y let KZ be as in Lemma 3.2. By
Theorem 3.1 each KZa|: If Z1;y; Zn is a ﬁnite collection of separable
subspaces of Y ; then
Tn
i¼1 KZia|: Let Z ¼ spanðZ1,?,ZnÞ: Then Z is a
separable subspace of Y and
Tn
i¼1 KZi+KZa|: Now we know that by compactness
there is a
CA
\
ZDY
Z separable
KZ:
For all yAY there is separable subspace Z of Y such that yAZ: SinceCAKZ we have
ðCðx#yÞÞðTÞ ¼ ðx#yÞðTÞ
for all xAX  and TABðY ; XÞ: &
We are now ready to prove the last part of our main theorem.
Proof of ðdÞ ) ðaÞ in Theorem 1.1. Let Y ¼ X : By Theorem 3.3 there exists
CAHBðFðX ; XÞ;LðX ; X ÞÞ such that
Cðx#xÞ ¼ x#x
for all xAX ; xAX : Let i :FðX ; X Þ-LðX ; X Þ be the natural inclusion and deﬁne
P ¼ C3i: Using Theorem 5.4 from [10] with P as the ideal projection we conclude
that X has the metric approximation property. (See also the remark after Corollary
5.5 in [10].) In fact, the argument is almost identical to the proof of ðcÞ ) ðaÞ of
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Theorem 1.1. For completeness here is a sketch of the argument. Let IX be the
identity operator on X ; and observe that CðIX ÞAFðX ; XÞ: Thus there exits a net
ðTaÞDFðX ; X Þ such that supajjTajjp1 and Ta-IX in the weak-topology. In
particular,
/Tax; xS-/CðIX Þ; x#xS ¼ /IX ;Cðx#xÞS ¼ /IX x; xS;
for all xAX and xAX ; i.e. Ta-IX in the weak operator topology. By taking a new
net consisting of convex combinations of the Ta’s we may assume that the net
converges in the strong operator topology. &
In the proofs above, we can let A ¼FðXˆ; XÞ and B ¼ spanðFðXˆ; XÞ,fIXgÞ:
Hence we obtain the following result.
Corollary 3.4. Let X be a Banach space. X has the metric approximation property
(resp. metric compact approximation property) if and only if FðXˆ; XÞ (resp.KðXˆ; X Þ)
is an ideal in spanðFðXˆ; XÞ,fIXgÞ (resp. spanðKðXˆ; X Þ,fIXgÞ) for every equivalent
renorming Xˆ of X :
4. Dual renorming and Hahn–Banach extension operators
In this section we shall prove Theorem 1.2. We shall need results similar to those in
Section 3, but we will need to replace the separable subspace ZDY with a ﬁnite-
dimensional subspace FDY :
Theorem 4.1. Let X and Y be Banach spaces, and let F be a finite-dimensional subspace
of Y : Let A and B be operator ideals satisfying ADB: If AðX ; YˆÞ is an ideal in
BðX ; YˆÞ for every equivalent renorming Yˆ of Y ; then there exists a
CAHBðAðX ; YÞ;BðX ; YÞÞ such that
ðCðy#xÞÞðTÞ ¼ ðy#xÞðTÞ
for all yAF ; all xAX ; and all TABðX ; YÞ:
Proof. For all eAð0; 1 there exists by Lemma 2.4 an equivalent norm jj  jje on Y
such that the dual norm on Y  is locally uniformly rotund at every point ya0 in F
and such that
BY ð0; 1ÞDBðY ;jjjjeÞð0; 1ÞDBY ð0; 1þ eÞ:
Let Ye ¼ ðY ; jj  jjeÞ:
By assumption AðX ; YeÞ is an ideal in BðX ; YeÞ so there exists a Hahn–Banach
extension operator Fe : AðX ; YeÞ-BðX ; YeÞ: From Lemma 2.6 we get
Feðy#xÞ ¼ y#x
for all yAFe and xAX :
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Let Ie : Ye-Y denote the identity mapping. Then jjI1e jj ¼ 1 and jjIejj-1 as e-0:
Deﬁne CeALðAðX ; YÞ;BðX ; Y ÞÞ by
ðCeðfÞÞðTÞ ¼ ðFeðfeÞÞðI1e 3TÞ; fAAðX ; YÞ; TABðX ; YÞ;
where feAAðX ; YeÞ is deﬁned by
feðSÞ ¼ fðIe3SÞ; SAAðX ; YeÞ:
We may now proceed as in Theorem 2.3 in [12] to construct C: &
Lemma 4.2. Let X and Y be Banach spaces, and let F be a finite-dimensional subspace
of Y : Let A and B be operator ideals satisfying ADB: The subset
KF ¼fCAHBðAðX ; Y Þ;BðX ; YÞÞ : ðCðy#xÞÞðTÞ ¼ ðy#xÞðTÞ
for all yAF ; xAX ; and TABðX ; YÞg
of ðBðX ; Y Þ ##pAðX ; Y ÞÞ is compact in the weak-topology.
Proof. The proof is similar to the proof of Lemma 3.2. &
Theorem 4.3. Let X and Y be Banach spaces. Let A and B be operator ideals
satisfying ADB: If AðX ; YˆÞ is an ideal in BðX ; YˆÞ for every equivalent renorming Yˆ
of Y ; then there exists a CAHBðAðX ; YÞ;BðX ; YÞÞ such that
ðCðy#xÞÞðTÞ ¼ ðy#xÞðTÞ
for all yAY ; xAX ; and TABðX ; YÞ:
Proof. Let KF be as in Lemma 4.2 for every ﬁnite-dimensional subspace F of Y
: By
Theorem 4.1 each KFa|:
If F1;y; Fn is a ﬁnite collection of ﬁnite-dimensional subspaces of Y ; thenTn
i¼1 KFia|: Let F ¼ spanðF1,?,FnÞ: Then F is a ﬁnite dimensional subspace of
Y  and
Tn
i¼1 KFi+KFa|: Now we know that by compactness there is a
CA
\
FDY 
dim FoN
KF :
For all yAY  there is a ﬁnite-dimensional subspace F of Y  such that yAF : Since
CAKF we have
ðCðy#xÞÞðTÞ ¼ ðy#xÞðTÞ
for all xAX  and TABðX ; YÞ: &
We are now ready to prove our main result for dual spaces.
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Proof of ðcÞ ) ðaÞ in Theorem 1.2. By Theorem 4.3 there exists a Hahn–Banach
extension operator C : FðX ; XÞ-LðX ; X Þ such that
Cðx#xÞ ¼ x#x
for all xAX  and xAX : Theorem 5.2 in [10] now shows that X  has the metric
approximation property. Alternatively, use an argument as in the proof of ðcÞ ) ðaÞ
of Theorem 1.1 to ﬁnd a net in the unit ball ofFðX ; XÞ whose adjoints converge to
the identity on X  in the strong operator topology. &
Similarly to Corollary 3.4, we see that in the proof above it sufﬁces to assume that
FðX ; XˆÞ is an ideal in spanðFðX ; XˆÞ,fIXgÞ for every equivalent renorming Xˆ of X :
We state this as a corollary.
Corollary 4.4. Let X be a Banach space. Then X has the shrinking metric
approximation property (resp. shrinking metric compact approximation property) if
and only if FðX ; XˆÞ (resp. KðX ; XˆÞ) is an ideal in spanðFðX ; XˆÞ,fIXgÞ (resp.
spanðKðX ; XˆÞ,fIXgÞ) for every equivalent renorming Xˆ of X :
5. u-ideals of operators
Casazza and Kalton [2] introduced the notion of a u-ideal. Recall that if F is a
linear subspace of a Banach space E; then F is a u-ideal in E if there exists a Hahn–
Banach extension operator jAHBðF ; EÞ such that the corresponding ideal
projection P ¼ j3i satisﬁes jjI  2Pjj ¼ 1: Here i : F-E is the natural inclusion.
u-ideals were thoroughly studied in [4].
In the proof of ðcÞ ) ðaÞ in Theorem 1.1 in Section 3 we used Lemma 1.4 from [10]
to produce a net ðTaÞ of ﬁnite rank (or compact) operators such that supjjTajjp1
and
xðTayÞ a!ðPðx#yÞÞðIX Þ:
We will need a similar result when dealing with u-ideals. The next lemma is actually
just a special case of Lemma 2.2 in [4].
Lemma 5.1. Let X and Y be Banach spaces. Let A and B be operator ideals satisfying
ADB and let TABðY ; X Þ: If AðY ; X Þ is a u-ideal in BðY ; XÞ and P is the ideal
projection, then there exists a net ðTaÞDAðY ; X Þ with lim supa jjT  2TajjpjjT jj such
that
yðTaxÞ a!ðPðx#yÞÞðTÞ
for all xAX  and yAY :
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Proof. Deﬁne a linear operator T : BðY ; X Þ-AðY ; XÞ by
/iðcÞ;TðSÞS ¼ /S; PðcÞS;
where cABðY ; XÞ; SABðY ; X Þ; and i is the natural inclusion.
We see that PðSÞjAðY ;XÞ ¼TðSÞ for all SABðY ; X Þ:
By Lemma 2.2 in [4] there is a net ðTaÞ in AðY ; XÞ such that limaTa ¼TðTÞ
weak and lim supa jjT  2TajjpjjT jj: Since x#yAAðY ; XÞ for all xAX  and
yAY  we get
yðTaxÞ ¼ /x#y; TaS a!/x#y;TðTÞS ¼ ðPðx#yÞÞðTÞ
as desired. &
Theorem 5.2. Let X be a Banach space. The following statements are equivalent:
(a) FðY ; XÞ (resp. KðY ; X Þ) is a u-ideal in LðY ; XÞ for every Banach space Y :
(b) FðXˆ; XÞ (resp.KðXˆ; XÞ) is a u-ideal in LðXˆ; X Þ for every equivalent renorming
Xˆ of X :
(c) There is a net ðTaÞDFðX ; XÞ (resp.KðX ; XÞ) with lim supa jjI  2Tajjp1 such
that Tax-x for all xAX :
Following [2], we say that a Banach space X has the unconditional
metric approximation property (resp. unconditional metric compact approximation
property) whenever X satisﬁes (c) in Theorem 5.2 with ðTaÞDFðX ; X Þ (resp.
ðTaÞDKðX ; XÞ).
Proof of ðcÞ ) ðaÞ. We only prove the case with ﬁnite rank operators. Let F be a
ﬁnite-dimensional subspace of LðY ; X Þ; and let e40: Let G ¼ F-FðY ; X Þ: Then
K ¼
[
TABG
TðBY Þ
is a compact subset of X : By assumption we can ﬁnd a TAFðX ; X Þ such
that jjI  2T jjp1þ e and such that jjx  Txjjoe for all xAK : Deﬁne a linear
map L : F-FðY ; XÞ by LðSÞ ¼ TS: Then jjS  TSjjoejjSjj for all SAG
and jjS  2LðSÞjjpð1þ eÞjjSjj for all SAF : Using the local formulation
of u-ideals in Proposition 3.6 in [4] we see that FðY ; X Þ is a u-ideal
in LðY ; XÞ: &
Implication ðaÞ ) ðbÞ in Theorem 5.2 is trivial, but to prove ðbÞ ) ðcÞ we shall
need the renorming results from Section 2. In fact, what we will produce is a
projection acting like the identity on the simple tensors. This will give weak operator
convergence in Lemma 5.1, and as we shall see this is all we need. The results and
proofs in the rest of this section follows Section 3 closely, so we will not provide all
the details.
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Theorem 5.3. Let X be a Banach space and let Z be a separable subspace of a Banach
space Y. Let A and B be operator ideals satisfying ADB: If AðYˆ; XÞ is a u-ideal
in BðYˆ; XÞ for every equivalent renorming Yˆ of Y ; then there exists a
CAHBðAðY ; XÞ;BðY ; XÞÞ such that
ðCðx#zÞÞðTÞ ¼ ðx#zÞðTÞ
for all xAX ; zAZ; and TABðY ; XÞ: Furthermore, the ideal projection P ¼ C3i;
where i is the natural inclusion, satisfies jjI  2Pjj ¼ 1:
Proof. The proof is very similar to the proof of Theorem 3.1. The only difference is
that we need to ensure that the extension operator we construct is associated with a
u-ideal projection.
For every e40; let Ye be as in the proof of Theorem 3.1. Let ie :
AðYe; XÞ-BðYe; X Þ be the identity map. By assumption AðYe; XÞ is a u-ideal in
BðYe; X Þ so there exists an ideal projection Qe such that jjI  2Qejj ¼ 1: Using
Lemma 2.5 we can ﬁnd a Hahn–Banach extension operator Fe such that
Qe ¼ Fe3ie
and
ðFeðx#zÞÞðTÞ ¼ ðx#zÞðTÞ
for all xAX ; zAZe; and TABðYe; X Þ:
Let Ie : Ye-Y denote the identity mapping. As in the proof of Theorem 3.1
we deﬁne feAAðYe; X Þ using fAAðY ; X Þ; and we deﬁne CeALðAðY ; XÞ;
BðY ; XÞÞ using Fe:
Let cABðY ; XÞ and deﬁne ceABðYe; XÞ by
ceðTÞ ¼ cðT3I1e Þ; TABðYe; X Þ:
For TAAðYe; XÞ and cABðY ; X Þ we have
½iðcÞeðTÞ ¼ iðcÞðT3I1e Þ ¼ cðiðT3I1e ÞÞ
¼cðieðTÞ3I1e Þ ¼ ceðieðTÞÞ
¼ ie ceðTÞ;
so that these functionals have the same Fe extension. Let Pe ¼ Ce3i: We have the
following norm estimate:
jjI  2Pejj ¼ sup
cABBðY ;XÞ
sup
TABBðY ;XÞ
jcðTÞ  2ððCe3iÞðcÞÞðTÞj
¼ sup
cABBðY ;XÞ
sup
TABBðY ;XÞ
jcðTÞ  2ððFeÞ½iðcÞeÞðT3IeÞj
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¼ sup
cABBðY ;XÞ
sup
TABBðY ;XÞ
jceðT3IeÞ  2ððFeÞðie ceÞÞðT3IeÞj
p sup
cABBðY ;XÞ
jjce  2ðFe3ie ÞðceÞjjð1þ eÞ
p jjI  2Qejjð1þ eÞpð1þ eÞ:
Since
ðCeÞeAð0;1DLðAðY ; XÞ;BðY ; XÞÞ ¼ ðBðY ; X Þ ##pAðY ; XÞÞ;
is a bounded net it has a subnet ðCeðnÞÞ that converges weak to some C: As in
Theorem 3.1 we get that C is in fact a Hahn–Banach extension operator. We will
show that the projection P deﬁned by P ¼ C3i is the desired u-ideal projection.
Let cABðY ; XÞ and TABðY ; XÞ; then
PðcÞðTÞ ¼ CðiðcÞÞðTÞ ¼ lim
n
CeðnÞðiðcÞÞðTÞ ¼ lim
n
PeðnÞðcÞðTÞ
so that
jjI  2Pjj ¼ sup
cABBðY ;XÞ
sup
TABBðY ;XÞ
jcðTÞ  2PðcÞðTÞj
¼ sup
cABBðY ;XÞ
sup
TABBðY ;XÞ
lim
n
jcðTÞ  2PeðnÞðcÞðTÞj
p sup
cABBðY ;XÞ
sup
TABBðY ;XÞ
lim
n
jjI  2PeðnÞjjjjcjjjjT jj
p lim
n
jjI  2PeðnÞjj ¼ 1: &
Lemma 5.4. Let X be a Banach space and let Z be a separable subspace of a Banach
space Y. Let A and B be operator ideals satisfying ADB and let i : A-B be the
natural inclusion. The subset
KZ ¼fCAHBðAðY ; XÞ;BðY ; X ÞÞ : Cðx#zÞðTÞ ¼ ðx#zÞðTÞ
for all xAX ; zAZ; and TABðY ; XÞ and jjI  2Pjj ¼ 1; where P ¼ C3ig
is weak-compact in ðBðY ; XÞ ##pAðY ; XÞÞ:
Proof. Let ðCaÞDKZ be a net which converges weak to some
CAðBðY ; X Þ ##pAðY ; X ÞÞ: From the proof of Lemma 3.2 we get that
ðCðx#zÞÞðTÞ ¼ ðx#zÞðTÞ
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for all xAX ; zAZ; and TABðY ; X Þ: Letting P ¼ C3i and Pa ¼ Ca3i we get
PðcÞðTÞ ¼ lim
a
PaðcÞðTÞ
for all cABðY ; X Þ and TABðY ; X Þ; and thus
jjI  2Pjjp lim
a
jjI  2Pajj ¼ 1:
This shows that KZ is weak
-closed and since it is a bounded subset it is weak-
compact. &
Theorem 5.5. Let X and Y be Banach spaces and let A and B be operator ideals
satisfying ADB: If AðYˆ; X Þ is a u-ideal in BðYˆ; XÞ for every equivalent renorming Yˆ
of Y ; then there exists a CAHBðAðY ; XÞ;BðY ; XÞÞ such that
ðCðx#yÞÞðTÞ ¼ ðx#yÞðTÞ
for all xAX ; yAY ; and TABðY ; X Þ: Furthermore, the ideal projection P ¼ C3i;
where i is the natural inclusion, satisfies jjI  2Pjj ¼ 1:
Proof. The proof is similar to the proof of Theorem 3.3. &
Proof of ðbÞ ) ðcÞ in Theorem 5.2. We only prove the case with ﬁnite rank
operators. Using Theorem 5.5 we can ﬁnd a Hahn–Banach extension operator
C : FðX ; X Þ-LðX ; XÞ such that the projection P deﬁned by P ¼ C3i; where
i : FðX ; XÞ-LðX ; XÞ is the natural inclusion, satisﬁes
Pðx#xÞ ¼ Cðx#xÞ ¼ x#x
for all xAX  and xAX : Using Lemma 5.1 we can ﬁnd a net ðTaÞDFðX ; XÞ with
lim supajjI  2TajjpjjI jj ¼ 1 such that
xðTaxÞ a!ðPðx#xÞÞðIÞ
for all xAX  and xAX : Thus for all xAX  and xAX
xðTaxÞ a! xðxÞ;
which means that Ta-I in the weak operator topology. By choosing a new net in
convðTaÞ; still denoted ðTaÞ; we may assume Ta-I in the strong operator
topology. &
ARTICLE IN PRESS
V. Lima, A˚. Lima / Journal of Functional Analysis 210 (2004) 148–170 165
6. u-ideals of operators and dual spaces
In this section we shall prove a result, Theorem 6.1 below, dual to Theorem 5.2.
Once we have proved that we will relate it to previous result by Lima [9] and Oja [14]
(see Theorem 6.5).
Theorem 6.1. Let X be a Banach space. The following statements are equivalent:
(a) FðX ; YÞ (resp. KðX ; YÞ) is a u-ideal in LðX ; Y Þ for every Banach space Y :
(b) FðX ; XˆÞ (resp. KðX ; XˆÞ) is a u-ideal in LðX ; XˆÞ for every equivalent renorming
Xˆ of X :
(c) There is a net ðTaÞDFðX ; X Þ (resp. KðX ; XÞ) with lim supa jjI  2Tajjp1 such
that Tax-x for all xAX and Tax
-x for all xAX :
We say that a Banach space X has a unconditional shrinking metric compact
approximation property (resp. unconditional shrinking metric compact approximation
property) whenever X satisﬁes (c) in Theorem 6.1 with ðTaÞDFðX ; X Þ (resp.
ðTaÞDKðX ; XÞ).
Proof of ðcÞ ) ðaÞ. We only prove the case with ﬁnite rank operators. Let F be a
ﬁnite-dimensional subspace of LðX ; Y Þ; and let e40: Let G ¼ F-FðX ; Y Þ: Then
K ¼
[
TABG
TðBY  Þ
is a compact subset of X : By assumption we can ﬁnd a TAFðX ; XÞ such that
jjI  2T jjp1þ e and such that jjx  Txjjoe for all xAK : Deﬁne a linear map
L : F-FðX ; YÞ by LðSÞ ¼ ST : Then jjS  ST jj ¼ jjS  TSjjoejjSjj for all SAG
and jjS  2LðSÞjjpð1þ eÞjjSjj for all SAF : By applying Proposition 3.6 in [4] we
ﬁnd that FðX ; YÞ is a u-ideal in LðX ; YÞ: &
Implication ðaÞ ) ðbÞ in Theorem 6.1 is trivial. To prove ðbÞ ) ðcÞ we shall need
results similar to those in Section 4, and we will follow the progression in that section
closely.
Theorem 6.2. Let X and Y be Banach spaces and let F be a finite dimensional subspace
of Y : Let A and B be operator ideals satisfying ADB: If AðX ; YˆÞ is a u-ideal
in BðX ; YˆÞ for every equivalent renorming Yˆ of Y ; then there exists a
CAHBðAðX ; YÞ;BðX ; YÞÞ such that
ðCðy#xÞÞðTÞ ¼ ðy#xÞðTÞ
for all yAF ; xAX ; and TABðX ; Y Þ: Furthermore, the ideal projection P ¼ C3i;
where i is the natural inclusion, satisfies jjI  2Pjj ¼ 1:
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Proof. The existence of the Hahn–Banach extension operator is proved in Theorem
4.1. To show that the ideal projection is in fact a u-ideal projection proceed along the
lines of the proof of Theorem 5.3. &
Lemma 6.3. Let X and Y be Banach spaces, and let F be a finite-dimensional subspace
of Y : Let A and B be operator ideals satisfying ADB and let i :A-B be the
natural inclusion. The subset
KF ¼fCAHBðAðX ; YÞ;BðX ; YÞÞ : ðCðy#xÞÞðTÞ ¼ ðy#xÞðTÞ
for all yAF ; xAX ; and TABðX ; YÞ and jjI  2Pjj ¼ 1; where P ¼ C3ig
is weak-compact in ðBðX ; YÞ ##pAðX ; YÞÞ:
Proof. The proof is similar to the proof of Lemma 5.4. &
Theorem 6.4. Let X and Y be Banach spaces. Let A and B be operator ideals
satisfying ADB: If AðX ; YˆÞ is a u-ideal in BðX ; YˆÞ for every equivalent renorming Yˆ
of Y, then there exists a CAHBðAðX ; YÞ;BðX ; Y ÞÞ such that
ðCðy#xÞÞðTÞ ¼ ðy#xÞðTÞ
for all yAY ; xAX ; and TABðX ; YÞ: Furthermore, the ideal projection P ¼ C3i;
where i is the natural inclusion, satisfies jjI  2Pjj ¼ 1:
Proof. Let KF be as in Lemma 6.3 whenever F is a ﬁnite-dimensional subspace of
Y : By Theorem 6.2 each such KF is non-empty. Now proceed as in the proof of
Theorem 4.3. &
Proof of ðbÞ ) ðcÞ in Theorem 6.1. We only prove the case with ﬁnite rank
operators. Using Theorem 6.4 we can ﬁnd a Hahn–Banach extension operator
C : FðX ; X Þ-LðX ; XÞ such that
ðCðx#xÞÞðTÞ ¼ ðx#xÞðTÞ
for all xAX ; xAX ; and TALðX ; XÞ:
Let i : FðX ; X Þ-LðX ; XÞ be the natural inclusion, and let P ¼ C3i be the
associated u-ideal projection. Using Lemma 5.1 we can ﬁnd a net ðTaÞDFðX ; XÞ
with lim supa jjI  2TajjpjjI jj ¼ 1 such that
xðTaxÞ a!ðPðx#xÞÞðIÞ
for all xAX  and xAX : Thus for all xAX  and xAX 
xðTaxÞ a!xðxÞ;
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which means that Ta-I
 in the weak operator topology on LðX ; X Þ: In
particular we have
xðTaxÞ a!xðxÞ
for all xAX  and xAX ; so that Ta-I the weak operator topology onLðX ; XÞ: By
choosing a new net in convðTaÞ; still denoted ðTaÞ; we may assume Ta-I in the
strong operator topology on LðX ; X Þ and Ta-I in the strong operator topology
on LðX ; X Þ: &
A Banach space X is said to have property ðwMÞ (see [9]) if
lim sup
a
jjxa  2xjj ¼ lim sup
a
jjxajj:
whenever ðxaÞ is a bounded net converging weak to x in X :
Combining Theorem 6.1 with results by Lima [9] and Oja [14] we get the following
result.
Theorem 6.5. Let X be a Banach space. The following statements are equivalent:
(a) KðX ; YÞ is a u-ideal in LðX ; YÞ for every Banach space Y.
(b) KðX ; XˆÞ is a u-ideal in LðX ; XˆÞ for every equivalent renorming Xˆ of X.
(c) There is a net ðTaÞDKðX ; X Þ such that lim supa jjI  2Tajjp1; Tax-x for all
xAX ; and Tax
-x for all xAX :
(d) X has the shrinking metric compact approximation property and X has property
ðwMÞ:
(e) X has the metric compact approximation property and X has property ðwMÞ:
Proof. Implication ðaÞ3ðbÞ3ðcÞ is just Theorem 6.1.
ðcÞ ) ðdÞ: Condition (c) obviously shows that X has the shrinking metric compact
approximation property. That X has property ðwMÞ follows from Theorem 4.2
in [9].
Implication ðdÞ ) ðeÞ is easy. Finally, ðeÞ3ðcÞ follows from the equivalence of
ð2Þ and ð3Þ in Corollary 4.5 in [14].
Remark 6.6. In [14] Oja introduced a generalization of property ðwMÞ: Let BCK
ðK ¼ R or CÞ be a compact set and let a; cX0: A Banach space X has property
Mða; B; cÞ if
lim sup
a
jjaxa þ bx þ cyjjp lim sup
a
jjxajj
for all bAB whenever x; yAX  satisfy jjyjjpjjxjj; and ðxaÞ is a bounded net
converging weak to x in X :
It is easily seen that property Mð1; f2g; 0Þ is precisely property ðwMÞ deﬁned
above.
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It is clear from Lemma 2.2 in [4] and the proofs above that the results in Section 5
and Section 6, with the exception of Theorem 6.5, can be generalized by replacing
1 with a40 and f2g with a compact set BCK: That is, if we instead look at
the case when F is an ideal in E with ideal projection P satisfying jjaI þ bPjjp1 for
all bAB:
From Corollary 4.5 in [14] it is clear that Theorem 6.5 holds in the generalized
setting as long as maxjBj41: That is, there is at least one element in B with absolute
value greater than 1:
Remark 6.7. As noted by Oja [14, Remark 1]Kðc1; c1Þ is a u-ideal in Lðc1; c1Þ: c1
does not have the Radon–Nikody´m property, so by Proposition 4.1 in [9] c1 does not
have property ðwMÞ: This shows that the renormings in Theorem 6.5(b) are
necessary.
Remark 6.8. Results similar to Theorems 5.2 and 6.1 for M-ideals have been proved
by Paya´ and Werner [15]. In particular, they proved that KðY ; XÞ is an M-ideal
in LðY ; XÞ for all Banach spaces Y if and only if there is a net ðTaÞDKðX ; XÞ
such that ðTaÞ converges to IX in the strong operator topology and
lim supa supjjx1jjp1;jjx2jjp1jjTax1 þ ðIX  TaÞx2jjp1: Moreover, the net ðTaÞ can be
chosen so that ðTa Þ converges to IX  in the strong operator topology.
Note that Paya´ and Werner also proved that ifKðX ; Y Þ is an M-ideal inLðX ; YÞ
for all Banach spaces Y ; then X must be ﬁnite dimensional.
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